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Abstract We first derive an integrable deformed hierarchy of short pulse equation and
their Lax representation. Then we concentrated on the solution of integrable deformed
short pulse equation (IDSPE). By proposing a generalized reciprocal transformation, we
find a new integrable deformed sine-Gordon equation (IDSGE) and its Lax representation.
The multisoliton solutions, negaton solutions and positon solutions for the IDSGE and the
N-loop soliton solutions, N- negaton and N-positon solutions for the IDSPE are presented.
In the reduced case the new N-positon solutions and N-negaton solutions for short pulse
equation are obtained.
Key words: integrable deformed short pulse equation, integrable deformed sine-
Gordon equation, reciprocal transformation, loop soliton solution, soliton solution
1 Introduction
It is known that pulse propagation in optical fibers is usually modeled by the cubic
nonlinear Schro¨dinger equaion [1]. However, it is not valid for the ultra-short pules. In
2004, starting from the Maxwell equation of electric field in the fiber, Scha¨fer and Wayne
derived the short pulse equation(SPE) [2]
uxt = u+
1
6
(u3)xx (1)
as an alternative of the cubic nonlinear Schro¨dinger equation to describing the propaga-
tion of ultrashort optical pules in nonlinear media, where u(x, t) represents the magnitude
of electric field. In recent years, the short pulse model has attracted considerable atten-
tion. In [3, 4], it was also deduced from the partial differential equation which describes
pseudospherical surfaces. In [5], Sakovich and Sakovich proved that the SPE is integrable
by discovering a Lax pair for the SPE. Brunelli proved the integrability of the SPE from
the Hamiltonian point of view and studied the short pulse hierarchy in [6,7]. In [8], Feng
1Corresponding author: yyqinw@126.com
2huangyh@mails.tsinghua.edu.cn
3yzeng@math.tsinghua.edu.cn
1
et al. proposed the integrable semi-discrete and full-discrete analogues of the SPE. As
far as the solutions of the SPE are considered, in [9] not only solitary wave solutions are
obtained by making use of transformation between the SPE and sine-Gordon equation
but also the pulse solutions of the SPE were derived from the breather solutions of the SG
equation. Some periodic and traveling wave solutions of SPE are given in [10]. Kuetche et
al. constructed the two loop soliton solutions with use of bilinear method and hodograph
transformation [11]. In [12,13], Matsuno develop a systematic procedure to construct the
periodic solutions and multiloop solitons.
The integrable deformation of integrable system attract a lot of interests from both
physical and mathematical points. One kind of the integrable deformation is the so-
called soliton equation with self-consistent sources [14]- [21], which consists of the soliton
equation with additional terms by coupling the corresponding eigenvalue problems, and
has important application. For example, the nonlinear Schro¨dinger equation with self-
consistent sources is relevant to some problems of plasma physical and solid state physics.
In this paper, we consider the integrable deformed short pulse equation (IDSPE) which
has not been studied yet. First we derive the integrable deformed hierarchy of short
pulse equation(IDSPH) and their Lax representation, which includes integrable deformed
short pulse equation (IDSPE) and its Lax representation. This implies that the IDSPE
is Lax integrable. A generalized reciprocal transformation for the IDSPE is proposed.
This transformation converts the IDSPE and its Lax representation into new integrable
deformed sine-Gordon equation (IDSGE) and its Lax representation. The IDSGE can
be written as bilinear form by introducing an independent variable transformation. The
N-soliton solutions of the sine-Gordon equation were obtained in [22,23], and the positon
solutions of sine-Gordon equation and its properties were studied in [23]. Here, we find
the N-soliton solutions, N-negatons solutions and N-positon solutions for the IDSGE .
Further using the inverse reciprocal transformation, we construct N-loop soliton solutions,
N-negaton solutions and N-positon solutions of the IDSPE. In the reduced case we obtain
the new N-negaton solutions and new N-positon solutions for the short pulse equation.
This paper is organized as follows. In section 2, we establish the IDSPH and its Lax
representation. In section 3, A generalized reciprocal transformation for the IDSPE is
proposed and the IDSGE is worked out. In section 4, the solutions of the IDSGE are
obtained. Section 5 gives the solutions of IDSPE. The conclusion is given in section 6.
2 The new integrable deformed hierarchy of short
pulse equation (IDSPH) and its Lax pair
2.1 The IDSPH
Consider the eigenvalue problem [5](
ϕ1
ϕ2
)
x
= U
(
ϕ1
ϕ2
)
, U =
(
λ λux
λux −λ
)
. (2)
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The adjoint representation reads
Vx = [U, V ]. (3)
Set
V =
(
A B
C −A
)
=
∞∑
m=0
(
λam λuxam + bm
λuxam + cm −λam
)
λm. (4)
Eq. (3) yields 

am,x = ux(cm − bm),
bm+1,x = 2bm − (uxam)x,
cm+1,x = −2cm − (uxam)x.
(5)
Taking b0 = c0 = 0, a0 =
1
4
, we have{
b1 = c1 = −
1
4
ux, a1 = 0,
b2 = −c2 = −
1
2
u, a2 =
1
2
u2, · · · ,
(6)
and in general,
b2n = −c2n = 2∂
−1b2n−1, (7a)
a2n = −2∂
−1(uxb2n), a2n+1 = 0, (7b)
b2n+1 = c2n+1 = 2∂
−1b2n − uxa2n = Lb2n−1, L = 4(∂
−1 + ux∂
−1ux)∂
−1, (7c)
where ∂ = ∂
∂x
, ∂∂−1 = ∂−1∂ = 1.
Set
V (n) =
2n∑
m=0
(
λam λuxam + bm
λuxam + cm −λam
)
λm−2n, (8)
and take (
ϕ1
ϕ2
)
tn
= V (n)
(
ϕ1
ϕ2
)
. (9)
Then the compatibility condition of Eqs.(2) and (9) gives rise to the short pulse hierar-
chy(SPH)
uxtn = −∂b2n+1, n = 0, 1, · · · . (10)
When n = 1, (10) gives the short pulse equation
uxt = u+
1
6
(u3)xx, (11)
and V (2) in (9) is given by
V (2) =
(
1
2
λu2 + 1
4λ
1
2
λu2ux −
u
2
1
2
λu2ux +
u
2
−1
2
λu2 − 1
4λ
)
. (12)
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For n distinct real λj, consider the following spectral problem(
ϕ1j
ϕ2j
)
x
=
(
λj λjux
λjux −λj
)(
ϕ1j
ϕ2j
)
.
It is easy to find that
δλj
δu
= −2λj(ϕ
2
1j + ϕ
2
2j), L(ϕ
2
1j + ϕ
2
2j)x =
1
λ2j
(ϕ21j + ϕ
2
2j)x. (13)
According to the approach proposed in Refs. [17]- [21], the short pulse hierarchy with
self-consistent sources (SPHSCS) or integrable deformed short pulse hierarchy (IDSPH)
is defined by
uxtn = −∂[b2n+1 −
N∑
j=1
1
2λ2j
(ϕ21j + ϕ
2
2j)x], (14a)
ϕ1jx = λjϕ1j + λjuxϕ2j , ϕ2jx = λjuxϕ1j − λjϕ2j, j = 1, 2, · · · , N. (14b)
When n = 1, (14) gives the short pulse equation with self-consistent sources (SPESCS)
or integrable deformed short pulse equation (IDSPE)
uxt = u+
1
6
(u3)xx +
N∑
j=1
1
2λ2j
(ϕ21j + ϕ
2
2j)xx, (15a)
ϕ1jx = λjϕ1j + λjuxϕ2j , ϕ2jx = λjuxϕ1j − λjϕ2j, j = 1, 2, · · · , N. (15b)
2.2 Lax pair of the IDSPH
In order to find the Lax pair for IDSPE (15), we first consider the following stationary
equation of (15).
b3 −
N∑
j=1
1
2λ2j
(ϕ21j + ϕ
2
2j)x = 0, (16a)
ϕ1jx = λjϕ1j + λjuxϕ2j , ϕ2jx = λjuxϕ1j − λjϕ2j, j = 1, 2, · · · , N. (16b)
According to Eqs.(6), (7), (13) and (16), we may define
a¯0 =
1
4
, b¯0 = c¯0 = 0, b¯1 = c¯1 = −
1
4
ux, a¯1 = 0, b¯2 = −c¯2 = −
1
2
u, a¯2 =
1
2
u2,
b¯2n+1 = c¯2n+1 = L
n−1b¯3 = L
n−1
N∑
j=1
1
2λ2j
(ϕ21j +ϕ
2
2j)x =
N∑
j=1
1
2λ2nj
(ϕ21j +ϕ
2
2j)x, n = 1, 2, · · · ,
b¯2n = −c¯2n = 2∂
−1b¯2n−1 =
N∑
j=1
1
λ2n−2j
(ϕ21j + ϕ
2
2j), n = 2, 3, · · · ,
4
a¯2n = −2∂
−1(uxb¯2n) = −2∂
−1
N∑
j=1
1
λ2n−2j
ux(ϕ
2
1j+ϕ
2
2j) = −2
N∑
j=1
1
λ2n−1j
ϕ1jϕ2j , n = 2, 3, · · · ,
a¯2n+1 = 0, n = 1, 2, 3, · · · . (17)
Then we have
A¯ = λ−2
∞∑
n=0
a¯nλ
n+1 =
1
4λ
+
1
2
u2 + A¯0,
A¯0 =
∞∑
n=2
a¯2nλ
2n−1 = −2
N∑
j=1
∞∑
n=2
(
λ
λj
)2n−1ϕ1jϕ2j = 2λ
N∑
j=1
1
λj
ϕ1jϕ2j+2λ
N∑
j=1
λj
λ2 − λ2j
ϕ1jϕ2j.
In the same way, we find that
V¯ =
(
A¯ B¯
C¯ −A¯
)
= λ−2
∞∑
n=0
(
λa¯n λuxa¯n + b¯n
λuxa¯n + c¯n −λa¯n
)
λn
= V (2) +N0, N0 =
(
A¯0 B¯0
C¯0 −A¯0
)
.
B¯0 =
N∑
j=1
[
2λ
λj
uxϕ1jϕ2j− (ϕ
2
1j+ϕ
2
2j)−
λj
λ
(ϕ21j−ϕ
2
2j)+
λ2j
λ2 − λ2j
[
λj
λ
(ϕ22j−ϕ
2
1j)− (ϕ
2
1j+ϕ
2
2j)]].
C¯0 =
N∑
j=1
[
2λ
λj
uxϕ1jϕ2j+(ϕ
2
1j+ϕ
2
2j)−
λj
λ
(ϕ21j−ϕ
2
2j)+
λ2j
λ2 − λ2j
[
λj
λ
(ϕ22j−ϕ
2
1j)+(ϕ
2
1j+ϕ
2
2j)]].
Since a¯n, b¯n and c¯n satisfy the same recursion relations as (5). It is obvious that V¯ satisfies
V¯x = [U, V¯ ]. (18)
In fact, it is easy to verify that (18) under (16b) leads to (16a). Since (16) is the stationary
equation of (15), we immediately obtain the zero curvature representation for IDSPE (15)
Ut − V¯x + [U, V¯ ] = 0. (19)
with the Lax pair for the IDSPE (15)(
φ1
φ2
)
x
=
(
λ λux
λux −λ
)(
φ1
φ2
)
, (20a)(
φ1
φ2
)
t
= V¯
(
φ1
φ2
)
. (20b)
Furthermore, the zero curvature representation and Lax pair for IDSPH (14) are given by
(19) and (20) with
V¯ = V (n) +N0. (21)
Remark 1. The zero curvature representation and Lax pair for IDSPH (14) are given by
(19), (20) and (21). This implies that the new IDSPH is integrable in the Lax sense.
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3 The new integrable deformed sine-Gordon equa-
tion (IDSGE)
By introducing the new dependent variable [12]
r2 = 1 + u2x. (22)
Eq.(15a) is transformed into the form
rt =
1
2
(u2r)x +
ux
2r
N∑
j=1
λ−2j (ϕ
2
1j + ϕ
2
2j)xx = (
1
2
u2r + 2r
N∑
j=1
λ−1j ϕ1jϕ2j)x. (23)
So we can define a reciprocal transformation (x, t)→ (y, s) by the relation
dy = rdx+ (
1
2
u2r + 2r
N∑
j=1
λ−1j ϕ1jϕ2j)ds, ds = dt, (24)
and we have
∂
∂x
= r
∂
∂y
,
∂
∂t
=
∂
∂s
+ (
1
2
u2r + 2r
N∑
j=1
λ−1j ϕ1jϕ2j)
∂
∂y
. (25)
Denoting φi(x, t) = ψi(y, s), ϕij(x, t) = ψij(y, s), (i = 1, 2), with the new variable y and
s, (22) and (23) are transformed into
r2 = 1 + r2u2y, (26)
rs = r
2uuy + 2r
2
N∑
j=1
λ−1j (ψ1jψ2j)y, (27)
respectively. Furthermore, we define
uy = sinz, z = z(y, s). (28)
Inserting (28) into (26) gives rise to
r =
1
cosz
. (29)
Using (25) and (29), (15b) is converted the following form
ψ1jy = λjcoszψ1j + λjsinzψ2j , ψ2jy = λjsinzψ1j − λjcoszψ2j , j = 1, 2, · · · , N. (30)
Under Eqs.(28)-(30), (27) becomes
zs = u+ 2
N∑
j=1
(ψ21j + ψ
2
2j). (31)
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So under the reciprocal transformation (25), the IDSPE (15) is transformed into the
following integrable deformed sine-Gordon equation (IDSGE)
zys = sinz + 2
N∑
j=1
(ψ21j + ψ
2
2j)y, (32a)
ψ1jy = λjcoszψ1j + λjsinzψ2j , ψ2jy = λjsinzψ1j − λjcoszψ2j , j = 1, 2, · · · , N. (32b)
Under the reciprocal transformation (25), (28), (29) and (31), the Lax pair (20) for the
IDSPE (15) are transformed into the Lax pair for (32)(
ψ1
ψ2
)
y
=
(
λcosz λsinz
λsinz −λcosz
)(
ψ1
ψ2
)
, (33a)
(
ψ1
ψ2
)
s
= N
(
ψ1
ψ2
)
, (33b)
N =
(
1
4λ
−1
2
zs
1
2
zs −
1
4λ
)
+
N∑
j=1
λj
λ2 − λ2j
(
2λψ1jψ2j −λj(ψ
2
1j + ψ
2
2j)− λ(ψ
2
1j − ψ
2
2j)
λj(ψ
2
1j + ψ
2
2j)− λ(ψ
2
1j − ψ
2
2j) −2λψ1jψ2j
)
.
Remark 2. The system (32) is a new integrable deformation of sine-Gordon equation
with the Lax pair given by (33). The system (32) can be regarded as a new kind of
sine-Gordon equation with self-consistent source which is different from the sine-Gordon
equation with self-consistent source in [24].
4 Solutions to the IDSGE
4.1 Multi-soliton solutions
Introducing the dependent variable transformation
z = 2i ln
f¯
f
, (34a)
ψ1j = i(
gj
f
−
g¯j
f¯
), ψ2j = −(
g¯j
f¯
+
gj
f
), j = 1, · · · , N (34b)
the IDSGE (32) can be transformed into the bilinear form
DyDsf · f =
1
2
(f 2 − f¯ 2)− 8i
N∑
j=1
λj g¯j
2, (35a)
Dygj · f = −λj g¯j f¯ , j = 1, 2, · · · , N, (35b)
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where f¯ and g¯j are complex conjugates of f and gj, D is the well-known Hirota bilinear
operator defined by [22]
Dmy D
n
s f · g = (∂y − ∂y′)
m(∂s − ∂s′)
nf(y, s)g(y′, s′)|y′=y,s′=s.
The Wronskian determinant is defined as [25]
W = |Ψ(0),Ψ(1), · · · ,Ψ(N−1)| = |0, 1, · · · , N − 1| = |N̂ − 1|, (36)
where Ψ(0) = Ψ = (Ψ1(y, s),Ψ2(y, s), · · · ,ΨN(y, s))
T and Ψ(j) = ∂
jΨ
∂yj
.
Since the bilinear form (35) is same as that in [24] except replacing gj by g¯j, we may
find the solution of IDSGE (32) by directly using the formulae and notation in [24]. We
have the following theorem
Theorem 1. Let
Ψj = ie
ξj − (−1)je−ξj , j = 1, 2, · · · , N, (37)
where ξj = −λjy −
s
4λj
+ αj(s), λj are real number and we set λ1 < λ2 < · · · < λN , then
the IDSGE (32) has the Wronskian determinant solutions given by (34) with
f = |N̂ − 1|, (38a)
gh = (−1)
h+N
√√√√α′h(s)
h−1∏
l=1
(λ2h − λ
2
l )
N∏
l=h+1
(λ2l − λ
2
h)|N̂ − 2, τh|,
τh = (δh,1, · · · , δh,N)
T , h = 1, · · · , N, (38b)
where |N̂ − 2, τh| is complex conjugates of |N̂ − 2, τh|.
The Theorem 1 can be proved in the same way as in [24], we omit it.
When take N = 1, (34) and (38) give rise to one soliton solution for the IDSGE(32)
z1 = 4 arctan e
2ξ1 = 2i ln
1− ie2ξ1
1 + ie2ξ1
, (39a)
ψ11 =
2
√
α′1(s)e
3ξ1
1 + e4ξ1
, ψ21 =
−2
√
α′1(s)e
ξ1
1 + e4ξ1
. (39b)
In Fig1, we plot the single-soliton solution of z1 and ψ11.
-2
0
2s
-0.5
0
0.5
y
0
2
4
6
z1
-2
0
2s
-1
-0.5
0
0.5
1
y
0
2
4
z1
-2
-1
0
1
2
s
-2
0
2
y
0
0.25
0.5
0.75
1
j11
(a) (b) (c)
Figure 1. (a),(b) Single soliton solutions z1 when λ1 = 0.5, α1(s) = s, and λ1 =
0.5, α1(s) = s
2, respectively. (c) The eigenfunction ψ11 for λ1 = 0.5, α1(s) = s.
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Similarly, when take N = 2 in (38), we have
f = (eξ1+ξ2 + e−(ξ1+ξ2))(λ2 − λ1)− i(e
ξ1−ξ2 − eξ2−ξ1)(λ1 + λ2), (40a)
g1 = −
√
α′1(s)(λ
2
2 − λ
2
1)(e
−ξ2 + ieξ2), g2 =
√
α′2(s)(λ
2
2 − λ
2
1)(e
−ξ1 − ieξ1). (40b)
(34) and (40) give to the two soliton solutions for the IDSGE(32). Fig 2. describes the
shapes and interactions of two soliton solution for z2 and ψ11. Also Fig 2. shows the
interactions are elastic collisions and the influence on two soliton solution for z2 and ψ11
for taking different αj(s).
-5
0
5y
-10
0
10
s
-5
0
5
z2
-5
0
5y
-10
0
10
s
-5
0
5
z2
(a) (b)
-5
-2.5
0
2.5
5
y -10
0
10
s
-2
-1
0
1
2
Ψ11
-4
-2
0
2
4
y
0
10
20
s
-1
0
1
2
Ψ11
(c) (d)
Figure 2.(a),(b) The shapes and interactions for the two soliton solutions z2 when λ1 =
−0.1, λ2 = 1, α1(s) = s, α2(s) = s and λ1 = −0.1, λ2 = 1, α1(s) = sin 2s, α2(s) = cos s,
respectively. (c),(d) The shapes and interactions for ψ11 when λ1 = −0.1, λ2 = 0.2, α1(s) =
2s, α2(s) = s, and λ1 = −0.1, λ2 = 0.2, α1(s) = 4s, α2(s) = cos s, respectively.
Notice that solutions (38) contains arbitrary s functions αj(s). This implies that the
insertion of non-homogeneous terms into the soliton equation may cause the variation of
the speed and shape of soliton. So the dynamics of solutions of IDSGE(32) turns out to
be much richer than that of solutions of sine-Gordon equation.
4.2 Negaton solutions and positon solutions
For N = 2, taking α1(s) = c1, α2(s) = (λ2 − λ1)e(s) + c1 −
1
2
ipi, then (37) leads to
Ψ1 = e
−ξ1 + ieξ1 , Ψ2 = −i(e
−ξ2 + ieξ2), (41)
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where ξ1 = −λ1y −
s
4λ1
+ c1, ξ2 = −λ2y −
s
4λ2
+ (λ2 − λ1)e(s) + c1 −
1
2
ipi, c1 is a constant
and e(s) is a function for s. We have
f =
∣∣∣∣ Ψ1 Ψ1yΨ2 Ψ2y
∣∣∣∣ =
∣∣∣∣ Ψ1 Ψ1y∂Ψ2
∂λ2
|λ2=λ1
∂2Ψ2
∂λ2∂y
|λ2=λ1
∣∣∣∣ (λ2 − λ1) + o(λ2 − λ1)
= −(e2ξ1 + e−2ξ1 + 4iλ1γ)(λ2 − λ1) + o(λ2 − λ1), (42a)
g1 = 0, (42b)
g2 =
√
(λ2 − λ1)e′(s)(λ
2
2 − λ
2
1)
∣∣∣∣ Ψ1 0Ψ2 1
∣∣∣∣ = (λ2 − λ1)√e′(s)(λ2 + λ1)(e−ξ1 − ieξ1), (42c)
where γ = y − s
4λ2
1
− e(s). Then we obtain the one negaton solution from (34) by taking
λ2 → λ1
z = 2i ln
ch2ξ1 − 2iλ1γ
ch2ξ1 + 2iλ1γ
, (43a)
ψ12 =
2
√
2λ1e′(s)(−4λ1γe
−ξ1 + e−ξ1 + e3ξ1)
(e2ξ1 + e−2ξ1)2 + 16λ21γ
2
, (43b)
ψ22 =
2
√
2λ1e′(s)(4λ1γe
ξ1 + eξ1 + e−3ξ1)
(e2ξ1 + e−2ξ1)2 + 16λ21γ
2
. (43c)
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Figure 3. The shapes for one negaton solution z and ψ12 when λ1 = 0.1, e(s) = 2s, s = 0.5.
The shapes are given in Fig.3. In general, as proposed in [26], the N negaton solution
can be obtained from (34), (36) and (38) by replacing N by 2N , taking
Ψ(0) = (Ψ1,
∂Ψ2
∂λ2
|λ2=λ1 ,Ψ3,
∂Ψ4
∂λ4
|λ4=λ3 · · · ,Ψ2N−1,
∂Ψ2N
∂λ2N
|λ2N=λ2N−1)
T , (44a)
ξ2k−1 = −λ2k−1y −
s
4λ2k−1
+ c2k−1, (44b)
ξ2k = −λ2ky −
s
4λ2k
+ (λ2k − λ2k−1)e2k(s) + c2k−1 −
1
2
ipi, (44c)
and taking λ2k → λ2k−1.
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In order to derive the positon solution as pointed out in [23], we have to take
λ1 = iµ1, λ2 = iµ2, c1 = −ic¯1. (45)
By similarly calculation, we obtain the following one positon solution
z = 2i ln
cos 2η1 + 2µ1γ¯
cos 2η1 − 2µ1γ¯
, (46a)
ψ12 =
√
2iµ1e′(s)(−4iµ1γ¯e
iη1 + eiη1 + e−3iη1)
2(cos2 2η1 − 4µ21γ¯
2)
, (46b)
ψ22 =
√
2iµ1e′(s)(4iµ1γ¯e
−iη1 + e−iη1 + e3iη1)
2(cos2 2η1 − 4µ21γ¯
2)
. (46c)
where γ¯ = y + s
4µ2
1
− e(s), η1 = µ1y −
s
4µ1
+ c¯1. Just as the positon solutions of the sine-
Gordon equation are complex [23], one positon solution (46) is also complex and reduces
to the positon solution of sine-Gordon equation by taking e(s) to be a constant.
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Figure 4. The shapes for the modulus of one positon solution z, the real part and imaginary
part of ψ12 when λ1 = 0.1, e(s) = s
2, s = 1, respectively.
Fig.4 describes the shapes for the modulus of one positon solution. Similarly, we can find
N positon solutions by using (44) and λj = iµj , ck = −ic¯k and µ2k → µ2k−1.
5 Solutions for the IDSPE
5.1 N-loop soliton solutions
Proposition 1. Suppose that z and ψij , (i = 1, 2, j = 1, 2, · · · , N) are solutions of the
IDSGE (32), then the solutions of the IDSPE (15) with a parametric representation of
(y,s) are given by
u = zs − 2
N∑
j=1
(ψ21j + ψ
2
2j), (47a)
ϕ1j(x, t) = ψ1j(y, s), ϕ2j(x, t) = ψ2j(y, s), j = 1, 2, · · · , N, (47b)
x(y, s) =
∫
cos zdy = y − 2(ln f f¯ |αj(s)=αj )s|αj=αj(s), (47c)
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where αj are arbitrary constants.
Proof. It is obviously that (47a) is given by (31). In the following, we prove (47c). From
the reciprocal transformation, we have the following linear PDEs for x
∂x
∂y
=
1
r
,
∂x
∂s
= −
1
2
u2 − 2
N∑
j=1
λ−1j ψ1jψ2j . (48)
By making use of the compatibility of the above two equations, we have
x(y, s) =
∫
1
r
dy =
∫
coszdy. (49)
From (34) and (35), a direct calculation gives
cosz = 1− 2(ln f f¯)ys + 8i
N∑
j=1
λj(
g2j
f¯ 2
−
g¯2j
f 2
). (50)
When f and gj are given by (37) and (38), the terms with α
′(s) in 2(ln f f¯)ys and the
terms 8i
∑N
j=1 λj(
g2j
f¯2
−
g¯2j
f2
) are canceled. So the above equation becomes
cosz = 1− 2(ln f f¯ |αj(s)=αj )ys|αj=αj(s), (51)
namely, for calculating the derivatives with respect to s, we regard αj(s) as independent
of s. Substituting this equation in (49) leads to (47c).
For example, when take N = 1, by making use of (39) and (47), we obtain the one
loop soliton solution for the IDSPE (15)
u1 =
2e2ξ1
λ1(1 + e4ξ1)
, (52a)
ϕ11 =
2
√
α′1(s)e
3ξ1
(1 + e4ξ1)
, ϕ21 =
−2
√
α′1(s)e
ξ1
(1 + e4ξ1)
. (52b)
x(y, s) = y +
2
λ1(1 + e4ξ1)
. (52c)
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Figure 5. The shapes and motions for the one loop soliton solutions u1 and ϕ11 when
λ1 = −0.5, α1(s) = s.
Fig.5. shows that the one loop soliton solutions move to the left and keep the shapes.
When take N = 2 in (38), (34) and (47) give to the two loop solution of the IDSPE (15)
u2 =
2(λ21 − λ
2
2)[λ1(1 + e
4ξ1)e2ξ2(1− 12λ2α
′
2(s))− λ2(1 + e
4ξ2)e2ξ1(1− 12λ1α
′
1(s))]
λ1λ2[(1 + e4ξ1)(1 + e4ξ2)(λ
2
1 + λ
2
2)− 2λ1λ2(1− e
4ξ1 − e4ξ2 + 4e2(ξ1+ξ2) + e4(ξ1+ξ2))]
,
(53a)
ϕ11 =
4
√
(λ22 − λ
2
1)α
′
1(s)[(1− e
4ξ2 + 2e2(ξ1+ξ2)λ1 − (1 + e
4ξ2)λ1]e
ξ1
(1 + e4ξ1)(1 + e4ξ2)(λ21 + λ
2
2)− 2λ1λ2(1− e
4ξ1 − e4ξ2 + 4e2(ξ1+ξ2) + e4(ξ1+ξ2))
,
(53b)
ϕ21 =
4
√
(λ22 − λ
2
1)α
′
1(s)[(e
2ξ2 − e2ξ1 + e2ξ1+4ξ2)λ1 − e
2ξ1(1 + e4ξ2)λ2]e
ξ1
(1 + e4ξ1)(1 + e4ξ2)(λ21 + λ
2
2)− 2λ1λ2(1− e
4ξ1 − e4ξ2 + 4e2(ξ1+ξ2) + e4(ξ1+ξ2))
,
(53c)
ϕ12 =
4
√
(λ22 − λ
2
1)α
′
2(s)[(2e
2ξ1 − e2ξ2 + e4ξ1+2ξ2)λ2 − e
2ξ2(1 + e4ξ1)λ1]e
ξ2
(1 + e4ξ1)(1 + e4ξ2)(λ21 + λ
2
2)− 2λ1λ2(1− e
4ξ1 − e4ξ2 + 4e2(ξ1+ξ2) + e4(ξ1+ξ2))
,
(53d)
ϕ22 =
4
√
(λ22 − λ
2
1)α
′
2(s)[(1− e
4ξ1 + 2e2(ξ1+ξ2))λ2 − (1 + e
4ξ1)λ1]e
ξ2
(1 + e4ξ1)(1 + e4ξ2)(λ21 + λ
2
2)− 2λ1λ2(1− e
4ξ1 − e4ξ2 + 4e2(ξ1+ξ2) + e4(ξ1+ξ2))
.
(53e)
Similarly, by making use of (37), (38) and (47), we can obtain the N-loop soliton
solution for the IDSPE (15). Fig. 6. describes the shapes and interactions of the two
loop soliton solutions and the interactions of two loop soliton solution for u2 and ϕ11 are
shown to be elastic collisions.
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Figure 6. The shapes and interactions for the two loop soliton solutions u2 and ϕ11 when
λ1 = −1, λ2 = 0.5, α1(s) = 2s, α2(s) = s.
5.2 Negaton solutions and positon solutions
By making use of (34), (43) and (47), the one negaton solution for the IDSPE (15) is
given
u =
−2eξ1 [(s− 4λ21(y − e(s)))(e
4ξ1 − 1) + 2λ1(1 + 8λ
2
1e
′(s))(e4ξ1 + 1)]
[s2 + 16λ41(y − e(s))
2 + 2λ21(1− 4ys)− 8λ
2
1se(s)]e
4ξ1 + λ21(e
8ξ1 + 1)
, (54a)
ϕ12 =
√
2λ1e′(s)
e−ξ1 + e3ξ1 − 4λ1γe
−ξ1
2(ch22ξ1 + 4λ21γ
2)
, ϕ22 =
√
2λ1e′(s)
eξ1 + e−3ξ1 + 4λ1γe
ξ1
2(ch22ξ1 + 4λ21γ
2)
, (54b)
x(y, s) = y −
2{[2s+ 32λ41(y + e(s))e
′(s)− 8λ21(y + e(s) + se
′(s))]e−4ξ1 + λ1(e
−8ξ1 − 1)}
[s2 + 16λ41(y − e(s))
2 + 2λ21(1− 4ys) + 8se(s)]e
−4ξ1 + λ21(e
−8ξ1 + 1)
.
(54c)
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Figure 7. The shapes for the one negaton solutions when λ1 = 1, e(s) = s
3, s = −0.2.
The shapes of the one negaton solutions are given in Fig.7. In the same way, by making
use of (34), (46) and (47), the one positon solution for the IDSPE (15) is given
u =
4i[(s+ 4µ21(y − e(s))) sin 2η1 − 2µ1(1− 8µ
2
1e
′(s)) cos 2η1]
s2 + 16µ41(y + e(s))
2 − 2µ21(1− 4sy + cos 4η1 − 4se(s))
, (55a)
ϕ12 =
√
2iµ1e′(s)(−4iµ1γ¯e
iη1 + eiη1 + e−3iη1)
2(cos2 2η1 − 4µ21γ¯
2)
, (55b)
ϕ22 =
√
2iµ1e′(s)(4iµ1γ¯e
−iη1 + e−iη1 + e3iη1)
2(cos2 2η1 − 4µ21γ¯
2)
. (55c)
x(y, s) = y −
4[s+ 4µ21(y − e(s))− sin 4η1]
s2 + 16µ41(y − e(s))
2 − 2µ21(1− 4s(y − e(s)) + cos 4η1)
. (55d)
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Figure 8. The shapes for |u|2, the real part and imaginary part of ϕ12 with λ1 = 0.1, e(s) =
2s, s = 2, respectively.
The shapes for the one positon solutions are given in Fig.8. By using the N-negaton
solutions and N-positon solutions of IDSGE and the inverse reciprocal transformation
(47), we can find the N-negaton solutions and N-positon solutions for IDSPE. In the
reduced case we can find the new N-negaton solutions and N-positon solutions for short
pulse equation by taking all ej(s) to be constants.
6 Conclusion
We first derive the integrable deformed short pulse hierarchy and their zero curvature
representation. Then we concentrate on the solution of integrable deformed short pulse
equation (IDSPE). By proposing a generalized reciprocal transformation, we find a new
integrable deformed sine-Gordon equation (IDSGE) and its zero curvature representation.
The bilinear equation and the Wronskian determinant solutions for the IDSGE are given.
Furthermore, based on the inverse reciprocal transformation and the solutions of the
IDSGE, the N-loop soliton solutions, N-negaton and N-positon solutions of the IDSPH
are worked out. In the reduced case the new N-negaton solutions and new N-positon
solutions for short pulse equation are obtained.
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